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Abstract
We present a new existence mechanism, based on symplectic topol-
ogy, for orbits of Hamiltonian flows connecting a pair of disjoint sub-
sets in the phase space. The method involves function theory on sym-
plectic manifolds combined with rigidity of Lagrangian submanifolds.
Applications include superconductivity channels in nearly integrable
systems and dynamics near a perturbed unstable equilibrium.
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1 Introduction and main results
Given a Hamiltonian flow and a pair of disjoint subsets in the phase space,
does there exist an orbit connecting these subsets? Various instances of this
question arise in the study of instabilities in Hamiltonian dynamics. In this
paper we combine two seemingly remote approaches to detecting such orbits:
• the one based on the Poisson bracket invariants coming from function
theory on symplectic manifolds [4];
• a geometric construction due to Mohnke [20], yielding what we call
below a Lagrangian tetragon, which enabled him at the time to confirm
a version of Arnold’s chord conjecture in Reeb dynamics.
The obtained package turns out to be efficient in a number of specific mod-
els, including superconductivity channels in nearly integrable systems and
dynamics near a perturbed unstable equilibrium that will be discussed be-
low. The proposed existence mechanism for connecting orbits is robust with
respect to perturbations of the Hamiltonian in the uniform norm.
1.1 Interlinking: a chord existence mechanism
Setting the stage. Given an arbitrary smooth (possibly time-dependent)
vector field v on a smooth manifold, the piece of its integral trajectory defined
over a time interval [t0, t1], t0 < t1, is called a chord of v, or a chord of the
flow of v, of time-length t1− t0. If such a chord passes at the time t0 through
a set X0 and at the time t1 through a set X1 we say that it is a chord from
X0 to X1.
If the flow of a vector field is defined everywhere for all times, we say that
the vector field is complete.
Let (M,ω) be a connected symplectic manifold. Consider a smooth time-
periodic Hamiltonian G : M × S1 → R, where S1 = R/Z. Given a pair of
2
disjoint compact subsets X0, X1 ⊂ M , a (Hamiltonian) chord of G from X0
to X1 is a chord from X0 to X1 of the Hamiltonian vector field defined by G.
If this vector field is complete, we say that G is complete.
Separation. A function G ∈ C∞(M×S1) ∆-separates two disjoint compact
sets Y0, Y1 ⊂M if
∆ = ∆(G; Y0, Y1) := min
Y1×S1
G− max
Y0×S1
G > 0 .
Note that in this definition the order of sets Y0 and Y1 is important: G is
larger on Y1 than on Y0.
Interlinking.
Definition 1.1. Let (X0, X1), (Y0, Y1) be two pairs of disjoint sets: X0∩X1 =
Y0 ∩ Y1 = ∅.
We say that the pair (Y0, Y1) κ-interlinks the pair (X0, X1), κ > 0, if
every complete (time-dependent) Hamiltonian which ∆-separates Y0 and Y1
admits a chord from X0 to X1 of time-length ≤ κ/∆.
If this property is known to hold only for complete autonomous Hamilto-
nians on M , we say that the pair (Y0, Y1) autonomously κ-interlinks the pair
(X0, X1).
Interlinking is the central phenomenon discussed in the present paper.
The existence of interlinking pairs is non-obvious and will be discussed below.
The interlinking of (X0, X1) and (Y0, Y1) can be formulated in terms of a
Poisson bracket invariant of the quadruple (X0, X1, Y0, Y1) – see Section 1.5.
We will also discuss a stable version of the interlinking phenomenon.
Namely, given a closed connected manifold K, define the K-stabilization of a
subset X ⊂M as is its product X ×K ⊂M × T ∗K with the zero-section K
of T ∗K (the trivial caseK = T ∗K = {a point} is also allowed; thus, a set can
be viewed as a trivial stabilization of itself). We say that a pair (Y0, Y1) stably
κ-interlinks the pair (X0, X1) if for all m ∈ Z≥0 the pair (Y0 × Tm, Y1 × Tm)
κ-interlinks the pair (X0 × Tm, X1 × Tm), where Tm is the m-dimensional
torus.
Robustness. Observe that the existence of a Hamiltonian chord of G pro-
vided by the interlinking is robust with respect to perturbations of G for
which the perturbed Hamiltonian G + F is complete and the perturbation
term F is sufficiently small on Y0 ∪ Y1. Indeed,
∆(G+ F ; Y0, Y1) ≥ ∆(G; Y0, Y1)− |∆(F ; Y0, Y1)| . (1)
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Therefore if (Y0, Y1) κ-interlinks (X0, X1) and G γ-separates X0 and X1, the
perturbed Hamiltonian G + F has a chord from X0 to X1 of time-length
≤ κ/(γ − δ), where δ := |∆(F ; Y0, Y1)| is assumed to be less than γ.
Let us emphasize that the perturbation F can be arbitrarily large away
from Y0 ∪ Y1 and can have large derivatives everywhere – thus the dynamics
generated by G+ F might be completely different from the dynamics gener-
ated by G and the chord of G+ F does not have to be close in any sense to
the chord of G.
1.2 Introducing Lagrangian tetragons
Next, we illustrate the notion of interlinking for a special class of examples
which plays a key role in dynamical applications discussed further in the
paper. The following construction originates in the work of Mohnke [20] (for
another application of Mohnke’s construction to Hamiltonian dynamics see
[19]).
Let (Σ2k−1, ξ), k ≥ 1, be a (not necessarily closed) contact manifold with a
co-orientable contact structure ξ and let L be a closed connected Legendrian
submanifold L of Σ. (If k = 1, the contact structure ξ is formed by the zero
subspaces of the tangent spaces of Σ and the Legendrian submanifold L is
just a point).
Let us make the following additional choices:
(C1) Pick a contact 1-form λ0 on Σ, ξ = ker λ0 (if k = 1 we let λ0 be any
non-vanishing 1-form on Σ). Denote by ψt : Σ → Σ the Reeb flow of λ0.
(Recall that a contact form λ0 defines a vector field, called Reeb vector field
v, by two conditions: ivdλ0 = 0 and λ0(v) = 1. The flow of v is called the
Reeb flow of λ0).
(C2) Pick any T > 0 such that ψt(L) is well-defined and disjoint from L for
all t ∈ (0, T ] – such a T exists since L closed and tangent to the contact
structure ξ while the Reeb vector field v generating the flow {ψt} is nowhere
tangent to ξ.
(C3) Let 0 < R0 < R1.
(C4) Let K be a closed connected manifold identified with the zero-section
of T ∗K.
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We will view the symplectization of (Σ, ξ) as the symplectic manifold
(Σ×R+, d(sλ0)), where s is the coordinate on the R+-factor of Σ×R+. Con-
sider the following quadruple of Lagrangian submanifolds (with boundary)
F , C,L,H ⊂ Σ× R+ × T ∗K:
F :=
⋃
0≤t≤T
ψt(L)× R0 ×K, C :=
⋃
0≤t≤T
ψt(L)× R1 ×K,
L := ψT (L)× [R0, R1]×K, H := L× [R0, R1]×K.
Definition 1.2. The union Λ := F∪C∪L∪H is called a Lagrangian tetragon.
The sets F and C are called its floor and ceiling while L and H the low and
the high walls, respectively.
We shall need the following glossary.
Assume that U ⊂ Σ is a domain, I ⊂ R+ is an open interval containing
[R0, R1] and W is an open tubular neighborhood of K in T
∗K, so that U ×
I ×W contains the Lagrangian tetragon Λ. The image of Λ in an arbitrary
symplectic manifold (M,ω) under a symplectic embedding U ×I ×W →M
will be called a Lagrangian tetragon in M . We will view it as a “transplant”
of the original Lagrangian tetragon Λ ⊂ Σ × R+ × T ∗K to (M,ω). For
the remainder of this section we will use the same notation for an original
Lagrangian tetragon and for its “transplant”.
A Lagrangian tetragon Λ = F∪C∪L∪H ⊂ (M,ω) is called (stably/auto-
nomously) κ-interlinked (in (M,ω)) if the pair (L,H) (stably/autonomously)
κ-interlinks the pair (F , C) in (M,ω). Roughly speaking, every complete
(time-periodic) Hamiltonian on (M,ω) which is larger on the high wall than
on the low wall admits a chord from the floor to the ceiling.
Example 1.3 (Prototype example). Take Σ to be the circle S1 = R/Z
equipped with the trivial 0-dimensional contact structure determined by the
contact form λ0 = du, where u is the coordinate on R. Fix a point v ∈
S1 considered as a Legendrian submanifold of Σ, along with some numbers
0 < R0 < R1 and 0 < T < 1. Let K = {a point}. The corresponding
Lagrangian tetragon Λ in the symplectization of Σ is a quadrilateral of area
a = T (R1 − R0) in the cylinder S1(u)× R+(s), with the area form ds ∧ du.
It was shown in [4] that Λ is stably a-interlinked. Moreover, this result is
sharp: Λ is not a′-interlinked with any a′ < a (see Remark 5.11).
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This example can be extended to higher dimensions in two different ways.
Example 1.4. Let T ∗Tk = Rk × Tk, k > 1, be the cotangent bundle of the
torus with the canonical coordinates p ∈ Rk and q ∈ Tk = Rk/Zk so that the
symplectic structure is given by dp∧ dq. Let | · | denote the Euclidean norm.
Consider the contact manifold Σ = {|p| = 1} ⊂ T ∗Tk (called the space of
co-oriented contact elements to the torus), equipped with the contact form
λ0 = pdq. The corresponding Reeb flow is simply the Euclidean geodesic flow
(p, q)→ (p, q + pt). The symplectization Σ× R+ is identified symplectically
with T ∗Tk \ Tk by (p, q, s) 7→ (sp, q). Consider the Lagrangian tetragon
Λ in T ∗Tk associated to the Legendrian fiber {|p| = 1, q = 0} of Σ, some
0 < R0 < R1, T > 0 and K = {a point}. It is well-defined provided
0 < T < 1/2. Observe that its floor, ceiling and the low wall lie in the
boundary of the domain
E := {R0 < |p| < R1} × {|q| < T} ,
while the high wall is the central fiber of the fibration E → {|q| < T}.
Theorem 1.5. Λ is stably κ-interlinked with κ = T (R1 − R0).
For the proof see Section 5.2.
Example 1.6. Consider the unit sphere S2k−1 in the standard symplectic
space R2k = Ck equipped with the complex coordinates z = p + iq (in the
vector notation) and the symplectic form dp∧dq. The sphere carries a contact
structure ξst given by its field of complex tangencies which is defined by the
contact form λ0 =
1
2
(pdq − qdp). The corresponding Reeb flow is given by
z 7→ e2itz. The symplectization Σ×R+ is identified symplectically with Ck\0
by (z, s) 7→ √sz. Consider the Lagrangian tetragon Λ in Ck associated to the
Legendrian sphere {|p| = 1, q = 0}, some numbers 0 < R0 < R1, T = π/4,
and K = {a point}. Observe that the high and the low walls of Λ lie in
spherical shells {R1/20 ≤ |p| ≤ R1/21 , q = 0} and {p = 0, R1/20 ≤ |q| ≤ R1/21 }
and in the p- and in the q-space, respectively. Its floor and ceiling lie in the
(2k − 1)-dimensional spheres in Ck of radii R1/20 and R1/21 , respectively.
Theorem 1.7. Λ is stably κ-interlinked with κ = π(R1 −R0)/4.
For the proof see Section 5.2.
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1.3 Superconductivity channels
Let us now present applications of the results above to specific Hamilto-
nian systems.
The first application is related to an example that appears in the famous
work of Nekhoroshev [23] on the long-term stability of nearly integrable sys-
tems1.
Namely, let φ, I denote the standard action-angle coordinates on the
cotangent bundle T ∗Tk = Tk × Rk of a torus Tk (the φ coordinates are de-
fined mod 1 and the standard symplectic form on T ∗Tk is written as dI∧dφ).
Nekhoroshev considered (analytic) Hamiltonians of the form
H(φ, I) = h(I) + ǫf(I, φ), (2)
where ǫ is a small parameter, and studied the long-term behavior I(t) of the
action variables I along trajectories of the flow generated by H . His main
discovery was that if h is a so-called steep function (that is, its restriction to
any affine subspace of Rk has only isolated critical points), then, as long as
ǫ is sufficiently small, I(t) stays close to I(0) for exponentially long times.
At the same time Nekhoroshev gave an explicit example of a Hamiltonian
system of type (2) with two degrees of freedom showing that if h is not steep,
then even for small ǫ the actions I(t) may grow linearly fast with t (the so-
called “fast diffusion” phenomenon) along certain chords of H projecting to
straight intervals in a level set of h in the I-coordinate space (the so-called
“superconductivity channels”).
Here we present a multi-dimensional Nekhoroshev-type example where
the linear growth phenomenon is robust with respect to perturbations of the
Hamiltonian that are C0-small on a certain “thin” subset of the phase space
(but may be C1-large everywhere).
Namely, consider the time-independent Hamiltonian
H(p, q, p′, q′) =
k∑
i=1
pihi(p
′) + U(q) (3)
on the symplectic manifold
M := T ∗Tk(p, q)× T ∗Tm(p′, q′) .
1Our interest to this model was triggered by a recent paper [6] by Bounemoura and
Kaloshin.
7
Here the p, p′ and q, q′-coordinates correspond, respectively, to the I and φ-
coordinates above, hi are arbitrary smooth functions with hi(0) = 0, and U
is a non-constant potential. One easily checks that H is complete. If, for
instance, all hi’s are linear, H is quadratic, albeit non-convex, in momenta.
Looking at the Hamiltonian flow of H one readily sees that if p′(0) = 0,
then q(t) = q(0) for all t and p(t) = p(0) − ∇U(q(0)) · t. Thus choosing
q(0) to be a non-critical point of the potential, we see that the increment of
the momentum |p(t)− p(0)| grows with linear speed along a straight line (a
superconductivity channel).
Assume now that the potential U attains a local maximum β := U(0) at
the point 0 ∈ Tk. Take r < 1/2 and assume that α := max{|q|=r}U < β .
Take the Lagrangian tetragon in T ∗Tk as in Example 1.3, if k = 1, and as
in Example 1.4, if k > 1. Stabilizing it by the zero-section Tm ⊂ T ∗Tm, we
get a Lagrangian tetragon in M = T ∗Tk × T ∗Tm. Denote by F , C, L, H its
floor, ceiling and walls. Observe that H γ-separates the walls L and H with
γ := β − α. As an immediate consequence of Theorem 1.5 (if k > 1) and
of the statement at the end of Example 1.3 (if k = 1) we get the following
result.
Corollary 1.8. For every complete Hamiltonian G = H + F , where F ∈
C∞(M × S1) and δ := |∆(F ;L,H)| < γ, there exists a Hamiltonian chord of
G from F to C of time-length ≤ (R1 − R0)r/(γ − δ). The increment of |p|
along this chord equals R1 − R0.
1.4 Unstable equilibrium
The simplest model of an unstable equilibrium is provided by the quadra-
tic Hamiltonian H = 1
2
(|p|2 − |q|2) on the standard symplectic vector space
(R2k, dp ∧ dq) (as before, | · | denotes the Euclidean norm). Consider the
Lagrangian tetragon Λ ⊂ R2k described in Example 1.6. Denote by F , C,L,H
its floor, ceiling and walls. Take any point of the form z = u, u ∈ Rk, lying
in the sphere {|p| = R1/20 , q = 0} ⊂ H. By definition, the point z′ = eiπ/4z
lies on the floor F . At the same time one readily sees that z′ belongs to the
unstable manifold {p = q} of the fixed point 0 of the Hamiltonian flow of H .
The trajectory of z′ has the form etz′, and hence it eventually hits the ceiling
C. Thus we have found a chord of H from F to C.
Observe also that H γ-separates L and H with γ = R0. Therefore, by
Theorem 1.7, a chord connecting F and C persists under sufficiently C0-small
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perturbations of H on L and H, yielding the following corollary.
Corollary 1.9. For every complete Hamiltonian G = H + F , where F ∈
C∞(M × S1) and δ := |∆(F ;L,H)| < R0, there is a Hamiltonian chord of
G from F to C of time-length ≤ π(R1 − R0)/(4(R0 − δ)). The increment of
|(p, q)| along this chord equals R1/21 − R1/20 .
Here is another similar setting where Theorem 1.7 can be applied. Let
G : R2k(p, q)× S1(t)→ R be a complete Hamiltonian of the form
G(p, q, t) = |p|2/2 + U(q, t).
Assume that for some 0 < R0 < R1
max
{R
1/2
0
≤|q|≤R
1/2
1
}×S1
U =: −β ≤ 0
and that U(0, t) = 0 for all t ∈ S1. Then G γ-separates L and H with
γ = R0/2 + β. Thus, Theorem 1.7 yields the following corollary.
Corollary 1.10. There exists a Hamiltonian chord of G from F to C of
time-length bounded from above by π(R1 − R0)/(2R0 + 4β).
This corollary can be viewed as a generalization of the known result in
the theory of the inverse Lagrange-Dirichlet problem about the instability of
the equilibrium point of a mechanical system corresponding to a (non-strict)
local maximum of the potential (see [15, 24]) – such an instability follows
immediately if the potential U above is taken to be time-independent and
with a local maximum U(0) = 0 at q = 0.
1.5 A Poisson bracket invariant
It has been shown in [4] that the existence of connecting trajectories of
Hamiltonian flows can be proved by means of a certain invariant involving
the Poisson bracket. In the present paper we refine this techniques in order
to establish interlinking for Lagrangian tetragons.
Given a symplectic manifold (M,ω) and a quadruple of compact sets
X0, X1, Y0, Y1 ⊂ M with X0 ∩X1 = Y0 ∩ Y1 = ∅, define a number
pb+4 (X0, X1, Y0, Y1) := inf max
M
{F,G} ,
9
where the infimum is taken over all compactly supported functions F,G :
M → R such that F |X0 ≤ 0, F |X1 ≥ 1, G|Y0 ≤ 0, G|Y1 ≥ 1. Let us explain
the notation: pb stands for the “Poisson bracket”, 4 for the number of sets
and + for the fact that we are considering the maximum of the Poisson
bracket, instead of the uniform norm as it was done in [4].
Write X̂i, Ŷi for the S
1-stabilizations of Xi and Yi in M × T ∗S1.
Consider the set Υ (resp., Υaut) of all κ > 0 such that the pair (Y0, Y1)
κ-interlinks (resp., autonomously κ-interlinks) the pair (X0, X1). Let
κ¯ := inf Υ, κ¯aut := inf Υaut.
If Υ = ∅ (resp., Υaut = ∅), set κ¯ := +∞ (resp., κ¯aut := +∞). One easily
checks that κ¯aut ≤ κ¯ and Υ = [κ¯,+∞) ⊂ Υaut = [κ¯aut,+∞).
Theorem 1.11.
1/pb+4 (X0, X1, Y0, Y1) = κ¯aut ≤ κ¯ ≤ 1/pb+4 (X̂0, X̂1, Ŷ0, Ŷ1).
In particular, if pb+4 (X̂0, X̂1, Ŷ0, Ŷ1) =: 1/κ > 0, then the pair (Y0, Y1) κ-
interlinks the pair (X0, X1), and if pb
+
4 (X0, X1, Y0, Y1) =: 1/κ > 0, then the
pair (Y0, Y1) autonomously κ-interlinks the pair (X0, X1).
The proof follows the lines of [4] with the following amendments.
1. We adjust the argument of [4] to complete but not necessarily compactly
supported Hamiltonians appearing in the definition of interlinking.
2. The results of [4] do not say whether the Hamiltonian chord connecting
X0 and X1 goes from X0 to X1 or from X1 to X0. This is why we introduce
a refined version of the Poisson bracket invariant and use a recent theorem of
A.Fathi (see Theorem 3.1) to detect Hamiltonian chords going between two
sets in a given direction.
1.6 Interlinking and exact Lagrangians
Let us discuss our method of proof of the interlinking of a Lagrangian
tetragon. For the sake of transparency, let us focus on the simplest case of
autonomous interlinking of a Lagrangian tetragon Λ = F ∪ C ∪ L ∪ H in
the symplectization Σ× R+ of a contact manifold (Σ, ξ). By Theorem 1.11,
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in order to establish the interlinking (respectively, the autonomous inter-
linking) for a Lagrangian tetragon Λ, it suffices to show the positivity of
p̂b
+
4 (F , C,L,H) (respectively, of pb+4 (F , C,L,H)). We will prove this positiv-
ity as follows.
Assume that Λ was constructed using a Legendrian submanifold L ⊂
(Σ, ξ), a contact form λ0 on Σ and real parameters 0 < R0 < R1 and T > 0,
see (C1)-(C3) in Section 1.2 above2.
The Lagrangian tetragon Λ is a singular Lagrangian submanifold with
corners. One can smoothen its corners and get a smooth Lagrangian sub-
manifold Λε in (Σ× R+, d(sλ0)) diffeomorphic to L× S1. One easily checks
that the Lagrangian isotopy class of Λε in (Σ×R+, d(sλ0)) depends only on
the pair (Σ, L) and not on λ0, R0, R1, T > 0 and ε.
We will say that the pair (Σ, L) is exact, if the above-mentioned La-
grangian isotopy class of Λε in (Σ×R+, d(sλ0)) contains an exact Lagrangian
submanifold – that is, a Lagrangian submanifold Λ′ such that (sλ0)|Λ′ is an
exact form. Otherwise (Σ, L) will be called non-exact.
Similarly, we will say that the pair (Σ, L) is stably non-exact, if for any
m ∈ Z≥0 the Lagrangian isotopy class of Λε × Tm in the exact symplectic
manifold (Σ×R+×T ∗Tm, d(sλ0+pdq)) does not contain an exact Lagrangian
submanifold. (Here pdq is the canonical 1-form on T ∗Tm). Clearly, stable
non-exactness implies non-exactness.
Theorem 1.12. Let (Σ, L) be a pair as above and let Λ = F ∪ C ∪ L ∪H ⊂
Σ × R+ be a Lagrangian tetragon constructed using L, a contact form on
(Σ, ξ) and some parameters R0, R1, T .
A. If the pair (Σ, L) is non-exact, then
pb+4 (F , C,L,H) =
(
(R1 −R0)T
)−1
,
and thus, by Theorem 1.11, Λ is autonomously (R1 − R0)T -interlinked in
(Σ× R+, d(sλ0)).
B. If the pair (Σ, L) is stably non-exact, then
p̂b
+
4 (F , C,L,H) =
(
(R1 −R0)T
)−1
,
and thus, by Theorem 1.11, Λ is (R1−R0)T -interlinked in (Σ×R+, d(sλ0)).
2The manifold K in (C4) is assumed to be the point.
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We refer to Section 5.1 for the proof and a more general version of this result.
Theorem 1.12 gives rise to the following question.
Question 1.13. Do exact pairs exist?
We shall show, by using methods of symplectic topology, that the answer is
negative provided (Σ, ξ) is the ideal contact boundary of a Liouville mani-
fold (see Section 5.2 below for the statement of the result and Remarks 5.6
and 5.10 for its generalization to certain non-compact contact manifolds).
Note that there do exist contact manifolds whose symplectizations contain
some exact closed Lagrangian submanifolds (see [22]), but we do not know
whether such a Lagrangian submanifold can be constructed as a smoothened
Lagrangian tetragon.
Remark 1.14. Incidentally, Theorem 1.12 yields the following result in Reeb
dynamics. As above, let ψt : Σ→ Σ be the Reeb flow of the contact form λ0
on Σ. Let (Σ, L) be a non-exact pair and assume that, as in the assumption
(C2) in the construction of a Lagrangian tetragon, ψt(L) is well-defined and
disjoint from L for all t ∈ (0, T ] for some T > 0. Put L′ := ψT (L). Let λ be
an arbitrary contact form on Σ that defines the same co-orientation of ξ as
λ0 and has a complete Reeb flow.
We claim that the Reeb flow of λ has a chord from L to L′. Moreover,
the time-length of this chord does not exceed T/C, where C := minY (λ/λ0)
with Y :=
⋃
t∈[0,T ] ψt(L).
Indeed, look at the Lagrangian tetragon Λ = F ∪ C ∪ L ∪ H associated
to L, λ0, T and parameters R =: R1 > 1 =: R0 > 0. Combining the anti-
symmetry of the Poisson bracket invariant (see (6) below) with Theorem 1.12
we get that
pb+4 (H,L,F , C) = ((R− 1)T )−1,
and hence the pair (F , C) autonomously κ-interlinks the pair of the walls
(H,L) in (Σ × R+, d(sλ0)) with κ := (R − 1)T . Choose R large enough
and note that the contact Hamiltonian of λ ∆-separates F and C with ∆ :=
RminY (λ/λ0)−maxY (λ/λ0). Hence, for such R, the Reeb flow of λ admits
a chord of time-length ≤ κ/∆ from L to L′. Letting R → +∞, we get the
claim. Let us mention that Legendrian contact homology should be a more
adequate and powerful technique for detecting Reeb chords connecting L and
L′, see e.g. [8, 1].
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Organization of the paper: In Section 2 we recall the necessary prelim-
inaries. In Section 3 we formulate a recent result of A.Fathi on the existence
of chords for smooth vector fields which is crucial for our studies. In Section 4
we discuss the Poisson bracket invariants and their relation to the existence
of Hamiltonian chords. Section 5 is the central section of the paper – in this
section we prove the interlinking of Lagrangian tetragons.
2 Preliminaries
Let (M2n, ω) be a connected (not necessarily closed) symplectic manifold.
Given an open set U ⊂ M , set C∞c (U) to be the space of compactly
supported smooth functions on M .
Further on we always identify R/Z = S1. Given a Hamiltonian G :
M × S1 = M × R/Z → R, we denote Gt := G(·, t) and say that G is
compactly supported, if supp G :=
⋃
t∈S1 supp Gt is a compact subset of M .
For a bounded G ∈ C∞(M) denote
||G|| := sup
M
|G|.
For G ∈ C∞(M) define a vector field sgradG by isgradGω = −dG. Given
F,G ∈ C∞(M), define the Poisson bracket {F,G} by
{F,G} := ω(sgradG, sgradF ) = dF (sgradG) = −dG(sgradF ) =
= LsgradGF = −LsgradFG.
The Hamiltonian flow, or just a flow, of G : M×S1 → R is, by definition,
the flow of the (time-dependent) vector field sgradGt.
A subset of (M,ω) is called displaceable, if it can be completely displaced
from its closure by the flow of a compactly supported (time-dependent)
Hamiltonian.
We say that a (possibly open) symplectic manifold is of bounded geometry
at infinity, if it is geometrically bounded in the sense of [3] or convex at
infinity in the sense of [9]. Let us note that for any smooth manifold N the
cotangent bundle T ∗N , equipped with the standard symplectic structure, is
of bounded geometry at infinity.
A symplectic manifold (M,ω) is called exact, if ω is exact. A Lagrangian
submanifold L of an exact symplectic manifold (M, dλ) is called exact if the
cohomology class [λ|L] ∈ H1(L;R) is zero.
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3 Connecting trajectories of smooth vector
fields
In this section let M be any smooth manifold, v a complete smooth time-
independent vector field on M and X0, X1 ⊂ M disjoint compact subsets of
M . Denote by T (X0, X1; v) the infimum of the time-lengths of the chords of
v from X0 to X1 (if there is no such chord, set T (X0, X1; v) := +∞). Define
Lmax(X0, X1; v) := inf
F
max
M
LvF,
where the infimum is taken over all smooth compactly supported functions
F on M such that F |X0 ≤ 0, F |X1 ≥ 1.
A basic calculus argument shows that
T (X0, X1; v) ≥ 1/Lmax(X0, X1; v).
The following theorem has been proved by A.Fathi.
Theorem 3.1 (A.Fathi, [12]). T (X0, X1; v) = 1/Lmax(X0, X1; v).
In particular, together with the compactness of X0 this implies that if
Lmax(X0, X1; v) > 0 there exists a chord of v from X0 to X1 of time-length
1/Lmax(X0, X1; v).
Remark 3.2. Replace the maximum of LvF by ||LvF || in the definition of
Lmax(X0, X1; v) and call the resulting quantity L0(X0, X1; v). Then, as it
was shown in [4, Section 4.1] by a rather basic averaging argument,
min{T (X0, X1; v), T (X1, X0; v)} = 1/L0(X0, X1; v). (4)
In other words, if L0(X0, X1; v) > 0, then there exists either a chord of v from
X0 to X1 or a chord of v from X1 to X0. (Note that none of the results in [4]
about the existence of chords says anything about the direction of chords!)
Theorem 3.1 is much more difficult than (4) – in fact, Fathi’s proof of
Theorem 3.1 uses, along with the averaging argument similar to the one in
[4, Section 4.1], some ingenious arguments from the general theory of metric
spaces.
4 Poisson bracket invariants
Let (M,ω) be a connected symplectic manifold.
We say that sets X0, X1, Y0, Y1 ⊂ M form an admissible quadruple, if
they are compact and X0 ∩X1 = Y0 ∩ Y1 = ∅.
Assume U is an open subset ofM and X0, X1, Y0, Y1 ⊂ U is an admissible
quadruple. Define
pbU4 (X0, X1, Y0, Y1) := inf
F,G
||{F,G}||,
pbU,+4 (X0, X1, Y0, Y1) := inf
F,G
max
M
{F,G},
pbU,−4 (X0, X1, Y0, Y1) := inf
F,G
(−min
M
{F,G}),
where the infimum in all the cases is taken over all F,G ∈ C∞c (U) such that
F |X0 ≤ 0, F |X1 ≥ 1, G|Y0 ≤ 0, G|Y1 ≥ 1. (5)
One can prove similarly to [4] that this class of pairs (F,G) can be replaced,
without changing the infimums, by a smaller class where the inequalities for
F,G are replaced by the equalities on some open neighborhoods of the sets
X0, X1, Y0, Y1.
Let us now define a stabilized version of pbU,±4 . Identify the cotangent
bundle T ∗S1 with the cylinder R × S1 equipped with the coordinates r and
θ (mod 1) and the standard symplectic structure dr ∧ dθ. As above, write
X̂i, Ŷi for the S
1-stabilizations of Xi and Yi in M × T ∗S1. Given an open set
U ⊂M and an admissible quadruple X0, X1, Y0, Y1 ⊂ U , set
p̂b
U,+
4 (X0, X1, Y0, Y1) := pb
U×T ∗S1,+
4 (X̂0, X̂1, Ŷ0, Ŷ1),
p̂b
U,−
4 (X0, X1, Y0, Y1) := pb
U×T ∗S1,−
4 (X̂0, X̂1, Ŷ0, Ŷ1).
If U = M , or it is clear from the context what X0, X1, Y0, Y1 are
meant, we will omit the corresponding indices and sets in the no-
tation for pb4, pb
±
4 and p̂b4, p̂b
±
4 .
The following properties of pb±4 , p̂b
±
4 follow easily from the definitions,
similarly to the corresponding properties for pb4 (cf. [4]):
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Anti-symmetry:
pbU,+4 (X0, X1, Y0, Y1) = pb
U,−
4 (X1, X0, Y0, Y1) = pb
U,−
4 (X0, X1, Y1, Y0) = (6)
= pbU,−4 (Y0, Y1, X0, X1) = pb
U,+
4 (Y1, Y0, X0, X1),
pb4 ≥ max{pb+4 , pb−4 }. (7)
Similar claims hold also for p̂b
U,±
4 .
Behavior under products:
Suppose thatM andN are connected symplectic manifolds. EquipM×N
with the product symplectic form. Let K ⊂ N be a compact subset. Then
for every collection X0, X1, Y0, Y1 of compact subsets of M
pbM×N,±4 (X0 ×K,X1 ×K, Y0 ×K, Y1 ×K) ≤ pbM,±4 (X0, X1, Y0, Y1) (8)
and a similar claim holds also for p̂b
±
4 .
In particular, for any U ⊂M , X0, X1, Y0, Y1 ⊂ U ,
p̂b
U,±
4 (X0, X1, Y0, Y1) ≤ pbU,±4 (X0, X1, Y0, Y1).
Monotonicity: Assume U ⊂W are opens sets in M and X ′0, X ′1, Y ′0 , Y ′1 ⊂
U ⊂W is an admissible quadruple. Let X0, X1, Y0, Y1 be another admissible
quadruple such that X0 ⊂ X ′0, X1 ⊂ X ′1, Y0 ⊂ Y ′0 , Y1 ⊂ Y ′1 . Then
pbW,±4 (X0, X1, Y0, Y1) ≤ pbU,±4 (X ′0, X ′1, Y ′0 , Y ′1). (9)
A similar inequality holds also for p̂b
±
4 .
Semi-continuity:
Suppose that a sequenceX
(j)
0 , X
(j)
1 , Y
(j)
0 , Y
(j)
1 , j ∈ N, of ordered collections
converges (in the sense of the Hausdorff distance between sets) to a collection
X0, X1, Y0, Y1. Then
lim sup
j→+∞
pb±4 (X
(j)
0 , X
(j)
1 , Y
(j)
0 , Y
(j)
1 ) ≤ pb±4 (X0, X1, Y0, Y1). (10)
A similar inequality holds also for p̂b
±
4 .
Proof of Theorem 1.11. Let us prove that
1/pb+4 (X0, X1, Y0, Y1) = κ¯aut. (11)
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To prove that
1/pb+4 (X0, X1, Y0, Y1) ≤ κ¯aut. (12)
we need to prove that
pb+4 (X0, X1, Y0, Y1) ≥ 1/κ (13)
for any κ ∈ Υaut. Pick such a κ ∈ Υaut and any F,G ∈ C∞c (M) satisfying
(5). Then the pair (Y0, Y1) autonomously κ-interlinks the pair (X0, X1) and,
since G 1-separates Y0 and Y1, this means that there exists a chord of G
from X0 to X1 of time-length ≤ κ. Restricting F to the chord and applying
the mean value theorem from the basic calculus one readily obtains that the
function LsgradGF = {F,G} takes a value greater or equal to 1/κ at some
point of the chord and thus maxM{F,G} ≥ 1/κ. Since this holds for any
F,G ∈ C∞c (M) satisfying (5), we obtain (13) and hence (12).
Let us prove that
kaut := 1/pb
+
4 (X0, X1, Y0, Y1) ≤ κ¯aut. (14)
Equivalently, this means to prove the following: Let G : M → R be a
complete Hamiltonian that ∆-separates Y0 and Y1. We need to show that
there exists a chord of G from X0 to X1 of time-length ≤ κaut/∆.
We may assume without loss of generality that maxY0 G = 0, minY1 G = 1,
∆ = 1 (the general case is reduced to this one if one replaces G with u ◦ G
for an appropriate function u : R → R). Let gt be the flow of G. Since the
flow gt is defined for all t ∈ R, the following subset of M is well-defined and
compact:
Θaut :=
⋃
0≤t≤κaut
gt(X0) ∪ Y0 ∪ Y1.
Let G′ : M → R be a compactly supported Hamiltonian which coincides
with G on an open neighborhood of Θaut. Since G coincides with G
′ on Y0
and Y1, we get that
max
Y0
G = max
Y0
G′ = 0, min
Y1
G = min
Y1
G′ = 1.
Since
κaut = 1/pb
+
4 (X0, X1, Y0, Y1) > 0,
we get that
max
M
{F ′, G′} = max
M
LsgradG′F
′ ≥
17
≥ Lmax(X0, X1; sgradG′) ≥ pb+4 (X0, X1, Y0, Y1) = 1/κaut
for any compactly supported F ′ : M → R such that F ′|X0 ≤ 0, F ′|Y1 ≥ 1.
Therefore, by Theorem 3.1, there exists a chord of G′ from X0 to X1 of time-
length ≤ κaut. This chord of G′ is also a chord of G – indeed, G′ coincides
with G on a neighborhood of Θaut and therefore for any t ∈ [0, κaut] the
time-[0, t] flows of G and G′ coincide on X0.
Thus we have proved the existence of a chord of G from X0 to X1 of
time-length ≤ κaut. This finishes the proof of (14). Together (12) and (14)
imply (11).
Let us now prove that
κ¯ ≤ κ := 1/pb+4 (X̂0, X̂1, Ŷ0, Ŷ1). (15)
Equivalently, this means to prove the following: Let G : M × S1 → R be a
complete Hamiltonian that ∆-separates Y0 and Y1. We need to show that
there exists a chord of G from X0 to X1 of time-length ≤ κ/∆.
The argument is very similar to the argument used above in the au-
tonomous case. Namely, consider an autonomous Hamiltonian
H : M × T ∗S1 → R, (x, r, θ)→ G(x, θ) + r,
generating a Hamiltonian flow ht : M × T ∗S1 → M × T ∗S1. Note that the
projection M × T ∗S1 → M maps each trajectory of ht to a trajectory of gt
of the same time-length. Thus, it suffices to prove the existence of a chord
of H from X̂0 to X̂1 of time-length ≤ κ/∆.
The Hamiltonian flow ht of H is defined for all times, since so is the
Hamiltonian flow gt of G. Note that r = 0 on Ŷ0, Ŷ1. Therefore
max
Ŷ0
H = max
Y0×S1
G, min
Ŷ1
H = min
Y1×S1
G,
meaning that H ∆-separates Ŷ0 and Ŷ1. Thus, H is a complete autonomous
Hamiltonian on M × T ∗S1 that ∆-separates Ŷ0 and Ŷ1. By the result in the
autonomous case, H has a chord from X̂0 to X̂1 of time-length ≤ κ/∆, as
required. This finishes the proof of (15) and of the theorem.
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5 Lagrangian tetragons
The proof of the positivity of p̂b4 for Lagrangian tetragons relies on the
following proposition which is based on a method from [4] relating deforma-
tions of symplectic forms and Poisson brackets.
Proposition 5.1. Let (M,ω = dλ) be a connected (possibly open) exact
symplectic manifold with a fixed primitive λ and let Λ ⊂ M be a closed
Lagrangian submanifold. Let F,G ∈ C∞c (M). Assume
1. (M,ω) does not admit exact closed Lagrangian submanifolds Lagrangian
isotopic to Λ.
2. The form FdG is closed on Λ.
3. There exists a number c > 0 so that the cohomology class of FdG on Λ
satisfies [FdG|Λ] = −c[λ|Λ].
Then maxM{F,G} ≥ c.
Proof of Proposition 5.1. Following [4], consider the deformation
ωτ := ω + τdF ∧ dG, τ ∈ R.
A direct calculation shows that
dF ∧ dG ∧ ωn−1 = −1
n
{F,G}ωn.
and thus
ωnτ = (1− τ{F,G})ωn.
Thus ωτ is symplectic for any τ ∈ I := [0, 1/maxM{F,G}).
For any τ ∈ I the form ω can be mapped (using Moser’s method [21])
to ωτ by a compactly supported isotopy ϑτ : (M,ωτ) → (M,ω). Note that,
by condition 2, Λ is Lagrangian with respect to ωτ . Therefore the manifold
Λτ := ϑτ (Λ) is a Lagrangian submanifold of (M,ω) Lagrangian isotopic to
Λ.
Assume, by contradiction, that maxM{F,G} < c, i.e. a := 1/c ∈ I. As
we noted above Λa is a Lagrangian submanifold with respect to ω Lagrangian
isotopic to L. We claim that Λa, and hence Λ, is Lagrangian isotopic to an
exact Lagrangian submanifold of (M,ω) – this would yield a contradiction
with condition 1 and thus prove that, in fact, maxM{F,G} ≥ c.
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Indeed, by condition 3, Λ is exact with respect to the primitive λa :=
λ+aFdG of ωa. Therefore Λa = ϑa(Λ) is exact with respect to the primitive
form α := (ϑ∗a)
−1λa of dα = ω. Since the isotopy ϑτ and the functions
F,G are compactly supported, we get that β := α− λ is a closed compactly
supported 1-form on M .
Let ft : M → M be the locally Hamiltonian flow of β generated by
the vector field v with ivω = β. Since β is compactly supported, ft is
defined for all t. Also, since ft is a locally Hamiltonian flow, each ft is a
symplectomorphism of (M,ω). Observe that for all t
d
dt
f ∗t λ = f
∗
t Lvλ = d(f
∗
t (ivλ)) + f
∗
t β
and
f ∗t β = β.
Therefore for all t
d
dt
[f ∗t λ] = [β],
which yields
[f ∗1λ|Λa] = [λ|Λa] + [β|Λa] = [α|Λa] = 0.
Thus f1(Λa) is an exact Lagrangian submanifold of (M,ω) with respect to
λ, and ft(Λa), t ∈ [0, 1], is the desired Lagrangian isotopy connecting Λa =
f0(Λa) to f1(Λa). This finishes the proof of the claim and of the proposition.
5.1 Construction and interlinking of Lagrangian tetra-
gons
Let (Σ2k−1, ξ), k ≥ 1, be a connected (not necessarily closed) contact
manifold with a co-orientable contact structure ξ (if k = 1, the contact
structure ξ is formed by the zero subspaces of the tangent spaces). Let L
be a closed connected Legendrian submanifold of Σ (in the case k = 1 the
submanifold L is just a point).
Pick a contact form λ0 on Σ: ξ = {λ0 = 0}. (In the case k = 1 let λ0 be
any non-vanishing form on Σ). Denote by ψt : Σ → Σ the Reeb flow of λ0.
(In the case k = 1 the Reeb vector field v is defined just by the condition
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λ0(v) ≡ 1). Pick T > 0 so that ψt(L) is well-defined and disjoint from L for
all t ∈ (0, T ]. Let 0 < R0 < R1.
Let (Σ×R+, d(sλ0)) be the symplectization of (Σ, ξ) (here s is the coor-
dinate on the R+-factor of Σ× R+).
Define a Lagrangian tetragon Λ′′ ⊂ Σ× R+:
F ′′ :=
⋃
0≤t≤T
ψt(L)× R0, C′′ :=
⋃
0≤t≤T
ψt(L)×R1,
L′′ := ψT (L)× [R0, R1], H′′ := L× [R0, R1],
Λ′′ := F ′′ ∪ C′′ ∪ L′′ ∪ H′′.
This is a singular Lagrangian submanifold. We will define its smoothening
as follows.
Consider an embedding Φ : L× (R+ × [0, T ])→ Σ× R+ given by
Φ(x× (s, t)) := (ψt(x), s).
Then for any smooth embedded loop γ ⊂ [R0, R1] × [0, T ] the restriction
of Φ to L × γ is a Lagrangian embedding. Choose a family γε of smooth
embedded loops in [R0, R1] × [0, T ] C0-converging to the boundary of the
rectangle [R0, R1]× [0, T ] as ε→ 0 and denote by
Λ′′ε := Φ(L× γε) ⊂ Σ× R+
the resulting smooth Lagrangian submanifold, called a smoothened Lagran-
gian tetragon in Σ× R+.
Let K be a closed connected manifold. Then
Λ′ := Λ′′ ×K
is a Lagrangian tetragon in Σ×R+×T ∗K and Λ′ε := Λ′′ε×K is its smoothening.
Assume now that U is a domain in Σ, I ⊂ R+ is an open interval con-
taining [R0, R1] and W is an open tubular neighborhood of K in T
∗K so
that Λ′ is contained in U × I ×W . Denote by η the standard 1-form on
T ∗K. Let (M,ω = dλ) be an exact connected symplectic manifold and let
ν : U × I ×W →M be a symplectic embedding such that
ν∗λ = sλ0 ⊕ η. (16)
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Denote by Λ := ν(Λ′) the resulting Lagrangian tetragon in M and let
F := ν(F ′′ ×K), C := ν(C′′ ×K), L := ν(L′′ ×K), H := ν(H′′ ×K),
be, respectively, its floor, ceiling, low wall and high wall. Let Λε := ν(Λ
′
ε) be
its smoothening.
Note that for sufficiently small ε all Lagrangian submanifolds Λε are La-
grangian isotopic in (M,ω). From this point on we consider only such ε.
Theorem 5.2. Assume that M does not admit closed exact Lagrangian sub-
manifolds Lagrangian isotopic to Λε. Then
pbM,+4 (F , C,L,H) =
(
(R1 −R0)T
)−1
> 0,
and thus, Λ is autonomously (R1 −R0)T -interlinked.
The autonomous interlinking of Λ stated in the theorem follows, by Theo-
rem 1.11, from the lower bound on pbM,+4 (F , C,L,H). An immediate conse-
quence of Theorem 5.2 is as follows:
Corollary 5.3. Assume that for every m ∈ N, M × T ∗Tm does not admit
closed exact Lagrangian submanifolds Lagrangian isotopic to Λε×Tm. Then
Λ is stably (R1 −R0)T -interlinked.
Proof of Theorem 1.12: Part A immediately follows from Theorem 5.2
with K = {point}, M = Σ × R+ and ν = Id, and, similarly, part B follows
from Corollary 5.3.
Proof of Theorem 5.2. 1) First, let us prove
pbM,+4 (F , C,L,H) ≤
(
(R1 −R0)T
)−1
. (17)
By the symplectic invariance, the monotonicity (see (9)) and the product
(see (8)) properties of pb+4 , it suffices to prove that
pbΣ×I,+4 (F ′′, C′′,L′′,H′′) ≤
(
(R1 −R0)T
)−1
. (18)
Let us consider a Hamiltonian of the form u(s) on (Σ×R+, d(sλ0)) such that:
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• u(s) = 0 outside (R0 + δ1, R1 + δ1),
• u(R1) = 1,
• u is non-decreasing on [R0, R1] and its derivative there satisfies u′(s) ≤
(R1 − R0)−1 + δ2,
Here δ1, δ2 are small positive constants. The obvious relation between the
Hamiltonian flow of u and the Reeb flow of λ0 easily implies that the flow of
u does not have chords from H′′ to L′′ of time-length ≤ (R1 − R0)−1T − ǫ,
where ǫ→ 0 as δ1, δ2 → 0. Note also that u 1-separates F ′′ and C′′. Therefore
Theorem 1.11 implies that
pbM,+4 (H′′,L′′,F ′′, C′′) ≤
(
(R1 − R0)T
)−1
,
which, by (6), yields (18) and hence (17). Let us emphasize that the above
argument involves Hamiltonian chords connecting the walls of the Lagrangian
tetragon, even though the actual applications deal with the chords connecting
its floor and ceiling.
2) Let us now prove
pbM,+4 (F , C,L,H) ≥
(
(R1 −R0)T
)−1
. (19)
The sets Λε C
0-converge to Λ as ε → 0. Moreover, we can subdivide Λε
into four sets Fε, Cε,Lε,Hε that C0-converge, respectively, to F , C,L,H as
ε→ 0. In view of (10) we need to prove that
pbM,+4 (Fε, Cε,Lε,Hε) ≥
(
(R1 − R0)T − δ(ε)
)−1
for some δ(ε)→ 0 as ε→ 0.
Denote by Dγε the disk bounded by γε in [R0, R1]× [0, T ]. Set
Γε := Φ({point} × γε) ⊂ Λ′′ε
and let
DΓε := Φ({point} ×Dγε)
be the disk bounded by Γε.
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Pick arbitrary smooth functions F,G ∈ C∞c (M) satisfying the following
conditions:
F |Op(Fε) = G|Op(Lε) = 0, F |Op(Cε) = G|Op(Hε) = 1. (20)
(Here Op stands for some open neighborhood of a set). Note that, by (20),
dF ∧ dG|Op(Λε) ≡ 0. (21)
and thus FdG|Λε is a closed form, which verifies condition 2 of Proposi-
tion 5.1.
We claim that [FdG|Λε] = −c[λ|Λε] for some c > 0. In order to check it,
we need to show that the integrals of λ and FdG over any a ∈ H1(Λε;R) are
proportional with the proportionality coefficient −c for some c > 0 indepen-
dent of a. Note that
H1(Λε;R) ∼= H1(L;R)⊕ R⊕H1(K;R),
where the isomorphism is given by ν∗ and the middle summand R is generated
by the homology class of the curve ν(Γε). Thus, it is enough to check the
proportionality for a = ν∗b, where b ∈ H1(L;R)⊕R⊕H1(K;R) is one of the
following types:
1. b ∈ H1(L;R).
2. b = [Γε].
3. b ∈ H1(K;R).
Let us consider the first case. Note that the form η vanishes on the zero
section K ⊂ T ∗K. Thus, by (16),
(ν∗λ)|Λε = (sλ0)|Λε , (22)
and hence
λ(ν∗b) = (sλ0)(b) = 0,
since b ∈ H1(L;R) and the contact form λ0 vanishes on the Legendrian
submanifold L. Since FdG is zero on a neighborhood of H and b can be
represented by a chain in H, we also get [FdG](b) = 0.
Let us move to the second case: b = [Γε]. A direct computation using
(22) and the Stokes theorem shows that
λ(ν∗[Γε]) = (sλ0)(b) =
∫
DΓε
d(sλ0) = (R1 − R0)T − δ(ε) =: c > 0,
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where the latter number c is the Euclidean area of Dγε . At the same time
another direct calculation using (20) yields∫
Γε
ν∗(FdG) = −1.
Thus, in this case
FdG(ν∗b) = −λ(ν∗b)/c.
Finally, consider the third case: b ∈ H1(K;R). By (22) and since sλ0
vanishes on K,
λ(ν∗b) = (sλ0)(b) = 0.
Moreover, ν∗b can be represented by a curve that lies in H. Since, by (20),
FdG is zero on a neighborhood of H, we get that
FdG(ν∗b) = 0.
Thus, [FdG|Λε] = −c[λ|Λε ] for c > 0. This verifies the condition 3 of
Proposition 5.1. Condition 1 is a part of the hypothesis of the theorem that
we are proving. Therefore Proposition 5.1 can be applied and we get
max
M
{F,G} ≥ 1/c =
(
(R1 − R0)T − δ(ε)
)−1
.
Since this is true for any F,G ∈ C∞c (M) satisfying (20), we get
pbM,+4 (Fε, Cε,Lε,Hε) ≥
(
(R1 −R0)T − δ(ε)
)−1
,
where δ(ε)→ 0 as ε→ 0, as required.
This proves (19). Together with (17) proved above this implies the propo-
sition.
Remark 5.4. Recall that a symplectic manifold (M,ω) is called symplec-
tically aspherical if [ω] vanishes on all homology classes in H2(M,R) repre-
sented by spheres, and a Lagrangian submanifold Z ⊂ (M,ω) is called weakly
exact if [ω] vanishes on the subspace HD2 (M,Z;R) ⊂ H2(M,Z;R) generated
by discs whose boundary lies on Z.
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Theorem 5.2 admits a rather straightforward generalization to the case
when (M,ω) is a symplectically aspherical symplectic manifold and the La-
grangian isotopy class of Λε does not contain weakly exact Lagrangian sub-
manifolds.
Namely, for such (M,ω) and Λ assume in addition that
HD2 (M,Λ;R) = Im ν♯ +Q,
where
ν♯ : H
D
2 (U × I ×W,Λ′;R)→ HD2 (M,Λ;R)
is induced by ν and Q ⊂ HD2 (M,Λ;R) is a subgroup such that ω(Q) = 0 and
∂(Q) lies in the image of the natural inclusion H1(L;R)→ H1(Λ;R). Under
these assumptions one can deduce the same conclusion as in Theorem 5.2.
5.2 Non-exactness of Lagrangians in Liouville mani-
folds
In this section we describe classes of Lagrangian tetragons in exact sym-
plectic manifolds (M, dλ) whose Lagrangian isotopy classes contain no exact
Lagrangian submanifolds. Applying Corollary 5.3 to such tetragons, we shall
prove our main results on the interlinking stated in the introduction.
Recall that an exact symplectic manifold (M,ω = dλ), with a fixed prim-
itive λ of the symplectic form ω, is called Liouville if the following two con-
ditions hold:
• the flow θt of the Liouville vector field v given by ivω = λ is complete;
• there exists a closed connected hypersurface Σ in M transversal to
v bounding a domain U ⊂ M with compact closure such that M =
U ⊔⋃t≥0 θt(Σ).
In this situation λ0 := λ|Σ is a contact 1-form on Σ defining a contact struc-
ture ξ = ker λ. The set
⋃
t∈R θt(Σ) ⊂ M can be canonically symplectically
identified with the symplectization Σ× R+ of Σ, so that λ is identified with
the form sλ0 on Σ × R+. We call the contact manifold (Σ, ξ) the ideal con-
tact boundary of the Liouville manifold M . One readily checks that the ideal
contact boundary is uniquely defined up to a contactomorphism.
Examples of Liouvile manifolds include, for instance, the cotangent bun-
dle T ∗V of a closed manifold V equipped with the canonical Liouville form
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and the linear vector space R2n(p, q) with the Liouville form (pdq − qdp)/2.
Here the ideal contact boundaries are the unit sphere bundle of V with
respect to any Riemannian metric, and the standard contact sphere, respec-
tively. The product of two Liouville manifolds is again Liouville.
In what follows we focus on the case when (Σ, ξ) is the ideal contact
boundary of a Liouville manifold M , and fix the notation θt for the Liouville
flow on M .
Theorem 5.5. The exact symplectic manifold (Σ×R+×T ∗Tn, d(sλ0+pdq))
admits no closed exact Lagrangian submanifolds. In particular, the pair
(Σ, L) is stably non-exact for every choice of a closed Legendrian submanifold
L ⊂ Σ.
Proof. Assume on the contrary that there exists a closed exact Lagrangian
submanifold Z of (Σ×R+ × T ∗Tm, d(sλ0 + pdq)). Let Zt be the image of Z
under the Liouville flow of M×T ∗Tm given by (x, p, q) 7→ (θt(x), tp, q). Note
that Lagrangian submanifolds Zt are exact for all t, and Zτ is disjoint from Z
for sufficiently large τ . This contradicts to a theorem by Gromov stating that
a symplectically aspherical and geometrically bounded at infinity symplectic
manifold – and, in particular, any Liouville manifold – does not admit a
displaceable closed exact Lagrangian submanifold [14], [3].
Remark 5.6. By a theorem of Gromov [14] (cf. [3]), any closed weakly exact
Lagrangian submanifold of a geometrically bounded symplectically aspherical
symplectic manifold (M,ω) is non-displaceable. The geometric boundedness
assumption, which holds, for instance for Liouville manifolds and cotangent
bundles, enables one to control the behavior of pseudo-holomorphic curves
in M “at infinity”. A minor modification of the above arguments yields the
following claim:
Let (Σ, ker λ0) be an arbitrary (not necessarily closed) contact manifold.
Assume that for some a > 0 the domain Σ × (a,+∞) ⊂ (Σ × R+, d(sλ0))
admits a symplectic embedding ν to a geometrically bounded symplectic
manifold (M,ω). Let L ⊂ Σ be a closed connected Legendrian submanifold
so that the morphism HD2 (Σ, L) → HD2 (M,L)/ kerω induced by ν is onto.
(Here kerω is the kernel of the symplectic area mapD 7→ ∫
D
ω onHD2 (M,L)).
Then the pair (Σ, L) is stably non-exact.
If ω is exact, i.e. ω = dλ, the assumption on the morphism of the relative
homology groups can be removed, provided ν∗λ = sλ0.
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It would be interesting to find meaningful dynamical applications of this
result.
We have just proved that any Lagrangian tetragon in the symplectization
(Σ × R+, d(sλ0)) of Σ is not Lagrangian isotopic to an exact Lagrangian
submanifold in (Σ × R+, d(sλ0)). Can it be Lagrangian isotopic to an exact
Lagrangian submanifold in M? This question is still open. Below we answer
it in negative in two particular cases.
First, we consider the class of subcritical Weinstein manifolds. Recall that
a Liouville manifold is Weinstein if the Liouville vector field v is gradient-
like for a proper bounded from below Morse function f with finite number
of critical points. It is known that the indices of all critical points of f are
≤ n, where dimM = 2n. A Weinstein manifold M is called subcritical if for
some choice of f all the indices are < n, and critical otherwise.
Example 5.7. The standard symplectic vector space R2n(p, q) equipped with
the Liouville form λ = (pdq − qdp)/2 is Weinstein subcritical. Indeed, the
Liouville vector field is v = (p∂/∂p + q∂/∂q)/2. It is gradient like for the
proper non-negative function f(p, q) = p2 + q2 whose only critical point is
non-degenerate minimum at 0. The ideal contact boundary of R2n is the unit
sphere S2n−1 ⊂ R2n equipped with standard contact structure ξ defined by
the restriction of λ.
More generally, the product M × R2 with any Liouville M is subcritical. In
contrast to that, the cotangent bundle T ∗V of a closed manifold V is critical.
Theorem 5.8. Assume that (M,ω = dλ) is subcritical. Then the exact
symplectic manifold (M × T ∗Tm, d(λ + pdq)) admits no exact Lagrangian
submanifolds.
Proof. Biran and Cieliebak showed [5] that every compact subset of M (and
a fortiori of M × T ∗Tm) is displaceable. The existence of closed exact La-
grangian submanifolds would again violate the theorem of Gromov cited in
the previous proof, yielding a contradiction.
Proof of Theorem 1.7. We work in the situation of Example 5.7. By
Theorem 5.8 and Corollary 5.3, any Lagrangian tetragon Λ ⊂ (R2n, dp∧ dq),
built using any closed connected Legendrian submanifold of (S2n−1, ξ) and
some R0, R1, T , is stably (R1 −R0)T -interlinked in (R2n, dp ∧ dq).
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Next, let V be a closed manifold, and Σ ⊂ T ∗V be the unit sphere bundle
with respect to any Riemannian metric on V . Even though T ∗V is a critical
Weinstein manifold, we have the following result.
Theorem 5.9. The symplectic manifold T ∗V × T ∗Tm admits no exact La-
grangian submanifolds Lagrangian isotopic to Λε.
Proof. Assume, by contradiction, that Z ⊂ T ∗V × T ∗Tm is an exact La-
grangian submanifold Lagrangian isotopic to Λε. Then the Z2-degree of the
projections Λε → V × Tm and Z → V × Tm are equal. By Kragh’s theorem
[17, Cor. 1.1], the latter degree is non-zero. (Recall that Kragh’s theo-
rem says that the Z2-degree of the projection X → Y of any closed exact
Lagrangian submanifold X of the cotangent bundle of any manifold Y is
non-zero). Thus, the Z2-degree of the projection Λε → V × Tm is non-zero.
On the other hand, note that the Lagrangian isotopy type of Λε in T
∗V ×
T ∗Tm is independent of the parameters R0, R1, T (where ε is always chosen
sufficiently small depending on R0, R1, T ). Thus, without loss of generality,
we may assume that T is sufficiently small (depending on R0 and R1) so
that π(Λ′′ε) lies in a small neighborhood of π(L) in V . Note that π(L) ( V ,
since dimL = dim V − 1. Therefore the projection π : Λ′′ε → V is not
surjective. Hence the projection π× Id : Λε → V ×Tm also is not surjective
and therefore the Z2-degree of the projection Λε → V ×Tm is zero. We have
got a contradiction. This finishes the proof.
Remark 5.10. In fact, the same argument works verbatim for tetragons in
T ∗V with non-compact V .
As we noted above, Theorem 5.5 implies that if Σ is the unit cotangent
bundle (with respect to an arbitrary Riemannian metric) of a closed mani-
fold V , then for any closed connected Legendrian submanifold L of Σ, the
pair (Σ, L) is non-exact. The version of Theorem 5.9 for an arbitrary V
immediately yields the non-exactness of (Σ, L) for any V .
Proof of Theorem 1.5. The Lagrangian tetragon Λ in T ∗Tk appearing in
the statement of the theorem is exactly the one constructed as above in the
case where Σ is the unit sphere bundle with respect to the Euclidean metric
on V := Tk, L is a Legendrian fiber of Σ, K = {a point}, and 0 < R0 < R1,
0 < T < 1/2 are some numbers. Thus, Theorem 5.9 and Corollary 5.3 can
be applied, yielding that Λ is stably (R1 −R0)T -interlinked.
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Remark 5.11. In view of Theorem 1.11 this means that (R1 − R0)T is the
smallest κ for which the Lagrangian tetragon Λ appearing in Theorem 1.5 is
κ-interlinked.
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